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Abstract. We consider the Schrodinger operator H with a periodic potential p plus a com- 
pactly supported potential q on the half-line. We prove the following results: 1) a forbidden 
domain for the resonances is specified, 2) asymptotics of the resonance-counting function is 
determined, 3) in each nondegenerate gap 7„ for n large enough there is exactly an eigenvalue 
or an antibound state, 4) the asymptotics of eigenvalues and antibound states are determined 
at high energy, 5) the number of eigenvalues plus antibound states is odd ^ 1 in each gap, 
6) between any two eigenvalues there is an odd number ^ 1 of antibound states, 7) for any 
potential q and for any sequences (crri)i°,o'„ G {0,1} and {xn)'i' G ^^,>fri 5^ 0, there exists a 
potential p such that each gap length |7„| = n 1 and H has exactly ct„ eigenvalues and 
1 — CTn antibound state in each gap 7„ ^ for n large enough, 8) if unperturbed operator (at 
q = Q) has infinitely many virtual states, then for any sequence (<t)^, (t„ G {0, 1}, there exists 
a potential q such that H has cr„ bound states and \ — Un antibound states in each gap open 
7„ for n large enough. 



1. Introduction and main results 
Consider the Schrodinger operator H acting in the Hilbert space L^(M_(_) and given by 

H = Ho + q, Hof = -f" + p{x)f, /(O) = 0, 

p e LlMZ), qeQt = {q: qE sup(supp(g)) = t},t> 0. (1.1) 

The spectrum of Hq consists of an absolutely continuous part aac{Ho) = U„^i6„ plus at most 
one eigenvalue in each gap 7„ 7^ 0,^ ^ 1 ( |CL] . jE] , |Zh3j ). where the bands 6„ and gaps 7„ 
are given by (see Fig. 1) 

= [Et„ E-], 7n = {E;;,,E+), n^l, E+<..^ E+_i < E- ^ E+ < ... 

Let below Eq = 0. The sequence E^ < E^ ^ E^ < . . . is the spectrum of the equation 

-y"+p{x)y = Xy, A G C, (1.2) 

with the 2-periodic boundary conditions, i.e. y{x + 2) = y{x),x E M. The bands 6„, &n+i are 
separated by a gap 7„ and let 70 = (—00, Eq). If a gap degenerates, that is 7„ = 0, then the 
corresponding bands &n and ©„+i merge. If E~ = E^ for some n, then this number E^ is 
the double eigenvalue of equation fll.2p with the 2-periodic boundary conditions. The lowest 
eigenvalue E^ = is always simple and the corresponding eigenfunction is 1-periodic. The 
eigenfunctions, corresponding to the eigenvalue are 1-periodic, and for the case -E2n-i-i 
they are anti-periodic, i.e., y{x -|- 1) = —y{x), x eM.. 
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Figure 1. The cut domain C \ U&n and the cuts (bands) ©„ = [E^_-^^, E^],n ^ 1 

We describe properties the operator J^y = —f" + {p + q)y on the real hne, where p is 
periodic and and q is compactly supported. The spectrum of ^ consists of an absolutely 
continuous part aac{'3^) = c"ac(-ffo) plus a finite number of simple eigenvalues in each gap 
7„ 7^ 0,n ^ 0, see |Rb] . |Flj and at most two eigenvalue [Rb] in every open gap jn for n 
large enough. If go = f^(l{x)dx ^ 0, then has precisely one eigenvalue (see [Zhlj . |F2j . 
|GS] ) and one antibound state jK4j in each gap 7n 7^ for n large enough. If go = 0, then 
roughly speaking there are two eigenvalues and zero antibound state or zero eigenvalues and 
two antibound states |K4] in each gap 7n 7^ for n large enough. 

The spectrum of H acting in L^(M+) consists of an absolutely continuous part aac{H) = 
aaciHo) plus a finite number of simple eigenvalues in each gap 7„ 7^ 0,n ^ 0. Note that the 
last fact follows from the same result for and the splitting principle. 

Let (p{x, z),^{x, z) be the solutions of the equation —y" + py = z'^y satisfying ip\Q,z) = 
■t}{0, z) = 1 and ^^(O, z) = ^'{0, z) = 0, where y' = d^y. The Lyapunov function is defined 
by A(z) = ^((p'(l,z) + '&{l,z)). The function A^(V^) is entire, where is defined by 
-\/T = 1. Introduce the function (1 — A^(-\/A))5, A G C+ and we fix the branch by the condition 
(1 — A^(VA + iO))2 > for A G ©1 = [Eq, E^]. Introduce the two-sheeted Riemann surface 
A of (1 - A'^{^/X))2 obtained by joining the upper and lower rims of two copies of the cut 
plane C\crac(-f^o) in the usual (crosswise) way. The n-th gap on the first physical sheet Ai we 
will denote by 'jn^ and the same gap but on the second nonphysical sheet A2 we will denote 
by 'jn^ and let 7^ be the union of t'^^-' and 7^^'' : 

7: = 7i^)U7i^). (1.3) 

It is well known that the function /(A) = {{H — X)^^h, h) has meromorphic extension from 
the physical sheet Ai into the Riemann surface A for each h G C^(M4-), h ^ 0. Moreover, if 
/ has a pole at some Ao G Ai and some h, then Ao is an eigenvalue of H and Ao G Uju^ 
Definition A. Let /(A) = {{H - X)-^h, h),XeA for some h G C^(M+), h^O. 

1) If f{X) has a pole at some Xq G A2, Ao 7^ E^,n ^ 0, we say that Ao is a resonance. 

2) A point Ao = Ef^, n ^ is a virtual state, if the function /(Ao + z"^) has a pole at 0. 

3) A point X E A is a state, if it is a bound state or a resonance or a virtual state. Let &st{H) 

be the set of all states. The multiplicity of the state is the multiplicity of the corresponding 
(2) 

pole. // Ao G 7n , ^ 0, then we call Xq an antibound state. 

As a good example we consider the states of the operator Hq for the case p 7^ const, g = 0, 
see [Zh3], jHKS] . Let /o(A) = {{Hq - Xy^h, h) for some h G Co"^(M+). It is well known that 
the function /o is meromorphic on the physical sheet Ai and has a meromorphic extension 
into A. For each 7^ 7^ 0, n ^ 1 there is exactly one state A° G 7^ of i^o and its projection 
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on the complex plane coincides with the Dirichlet eigenvalues /i^. Moreover, there is one case 
from three ones: 

1) A° G 7^^^ is an eigenvalues, 

2) A° G 71^"* is an antibound state, 

3) A° = E:^ or A° = E~ is a virtual states. 

There are no other states of Hq. Thus Hq has only eigenvalues, virtual states and antibound 
states. If there are exactly N ~^ 1 nondegenerate gaps in the spectrum of aac^Ho), then 
operator Hq has exactly states. The gaps 7„ = do not give contribution to the states. 
In particular, if all 7„ = 0,r;, ^ 1, then p = 0, see |MOj or [K4j and Hq has not states. The 
states A° are described in Lemma HHl 

We need the results about the inverse spectral theory for the unperturbed operator Hq: 
define the mapping p ^ i = (Cn)i°, where the components ^„ = (^in, ^2n) G are given by 

1 I +1 z/ A° is an eigenvalues 



^In — l^ni S2n 



\ln\ _ ^2 



—1 if is a resonance 
if A° is a virtual state 



Recall the results from |K5j : The mapping '■ Ti- ^ i"^ (B i"^ is a real analytic isomorphism 
between real Hilbert spaces Ti. = {p E L'^{0, 1) : p{x)dx = 0} and (? © £^ and the estimates 
hold true 

lbK4||e||(i + 11^11^), II^IKIbll(i + lbll)^ (1.4) 

where = p'^{x)dx and = \ ^ l7nP- Estimates fll.4p were proved in [K7j . More- 
over, for any sequence x = G i"^, x„ ^ there are unique 2 -periodic eigenvalues 
E^ , n ^ for some p Eli. such that each x„ = E^ — E~ ,n ^ 1. Thus if we know gap lengths 
(l7n|)i°' then we can recover the Riemann surface A uniquely plus the points E~ = E^, if 
Xn = 0. Furthermore, for any sequence A° G 7^,12 ^ 1, there is an unique potential p E H, 
such that each state A° (corresponding to p) coincides with A°, ^ 1. Remark that results of 
|K5j were generalized in |K6] for periodic distributions p = w', where w ETi. 
Define the function 

D{X) = det{I + q{HQ- X)-^), A G C+. 

It is well known that the function -D(A) is analytic in A G C+ and has a meromorphic extension 
into A. Each zero of i5(A) in Ai is an eigenvalue of H and belongs to the union of physical gaps 
Unjoin'' ■ Until now only some particular results are known about the zeros on the nonphysical 
sheet A2. Remark that the set of zeros of D on A2 is symmetric with respect to the real line, 
since D is real on . 
Let $(a;, z) be the fundamental solution of the equation 

+ {p + q)^ = z'^^,x^O, $(0,z) = 0, <l>'(0,z) = l, zeC. (1.5) 

Theorem 1.1. i) Let e > 0. The function D satisfies 

Z)(A)^l + ?M-«°' + Q'-""":'"'"'' a. |.|^oo.. = A VT=1. (1.6) 

2iz z^ 

where |A — E^\ ^ ne for all n ^ 1 and q{z) = q(x)e'^^^^dx and 

BstiH) \ 6,t(ifo) = {A G A \ &,t{HQ) : D{X) = 0} C A2 U |J (1.7) 

n>0 
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Gst{H)n&st{Ho) = &st{Ho)n{zea,t{Ho): <t>{nt, z) = 0}, rit = inf n. (1.8) 

ii) If A° G &st{H) n &st{Ho), then A° G 7(f ) ^ /or some j = 1, 2, n ^ 1 and 

D(A)^D(A°)^0 as A^A°. (1.9) 
in) (The logarithmic low.) Each resonance A G A2 of H satisfies 

I^Asinv^l ^Ci.e(2*+^)l^"^^l, = 3(|b||i + ||p + g||t)e*+''"*+IIPil\ (1.10) 

anc? there are no resonaces in the domain ^jorb = {A G A2 \ U^n^ ■ 4(7^6^'^™^' < |A|5}. 

Remark. 1) Let A° G 'jn^ be a eigenvalue of i^o for some n ^ 1. If ^{nt,fin) = 0, then /i^ is 
a Dirichlet eigenvalue of the problem —y" + {p + q)y = /i^y, y{0) = yijit) = 0. Then by (11. Sp . 
A° is a bound state of if and (11.91) yields -D(A°) 7^ 0. Thus A° is a pole of a resolvent, but 
A^ is neither a zero of D nor a pole of the S-matrix for H, Hq given by 



^m{z) = ^, XeaUHo). (1.11) 

2) If D{X) = for some A = 7^ /i^, n ^ 0, then by (11.71) . A is a virtual state. 

3) If /i^ = E^ for some n ^ 1, then by (11.81) . /x^ is a virtual state iff $(nt, /^n) = 0. 

4) If p = 0, then it is well known that each zero of D{-) is a state, see e.g., |K1] . [S]. Moreover, 
each resonance lies below a logarithmic curve (depending only in q see e.g. |Klj . jZ]). The 
forbidden domain ^forb H C_ is similar to the case p = 0, see [Klj . 

Let ^{H,r,A) be the total number of state of H in the set A C A having modulus ^ r, 
each state being counted according to its multiplicity. 
Define the Fourier coefficients psn, Qcn and the Fourier transform g by 

Qo = q{x)dx, Psn = / p{x) sin 2iTnxdx, q{z) = I q{x)e'^"^dx, gen = Re g(7rn). (1.12) 
Jo Jo Jo 

Theorem 1.2. i) H has an odd number ^ 1 of states on each set 7^ 7^ 0, n ^ 1, where 7^ 
is a union of the physical C Ai and non-physical gap 7^^^ C A2 and H has exactly one 
simple state A„ G 7^ for all n ^ 1 + 4Ci?e*2 with asymptotics 

{qo - qcn)Psn + Q(£ 

2(7™) 



An, = /in ^/ ^2 ~ ri ^ 00. (1-13) 



Moreover, the following asymptotics hold true as r 00: 

#(i7,r,A2\U7i^))=r^^±^, (1.14) 

vr 

#(i7, r, R) = #(/fo, ^, K) + 2A/'g for some integer Ng ^ 0, r ^ U7„. (1.15) 

ii) Let A be an eigenvalue of H and let A^^-* G A2 be the same number but on the second sheet 
A2. Then A*^^-* is not an anti-bound state. 

Hi) Let Ai < A2 and let Ai,A2 G "jn^ be some eigenvalues of H for some n ^ and assume 
that there are no other eigenvalues on the interval Q = (Ai, A2) C '~frP. Let C '~fr? C A2 be 
the same interval but on the second sheet. Then there exists an odd number ^ 1 of antibound 
states on 
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Remark. 1) Results (iii) at p = were obtained independently in |Klj . [S]. 

2) First term in the asymptotics (11.141) does not depend on the periodic potential p. Recall 

that asymptotics (I1.14p for the case p = was obtained by Zworski [Z] . 

2) The main difference between the distribution of the resonances for the case p ^ const and 
p = const is the bound states and antibound states in high energy gaps, see (11.131) . 

3) In the proof of (I1.14p we use the Paley Wiener type Theorem from [FVj, the Levinson 
Theorem (see Sect. 4) and analysis of the function D near A°. 

4) For even potentials p G Lg^g„(0, 1) = {p E L'^{0, l),p{x) = p{l—x),x G (0, 1)} all coefficients 
Psn = and asymptotics (11.131) are not sharp. This case is described in Theorem II. 4[ 

5) Assume that a potential u G L^(R+) is compactly supported, suppu C (0,t) and satisfies 
\un\ = o{n~°') as n — *■ cxo. Then in the case (ii) the operator H + u has the same number of 
bound states in each gap 7n 7^ for n large enough. 

We consider a stability of real states A„. Recall that A° G 7^ is a state of Hq. 

Theorem 1.3. Let bn = qo ~ Qcn- Assume that \psn\ > n'"' and > n^^^^°'^ for some a G 
(0, 1) and for alln G Nq, where Nq C N some infinite subset such that each |7„| > 0,n G Nq. 
Let bn > (or bn < 0). Then the real state A„ G 7^ for n G Nq large enough satisfies: 
If Xn is an eigenvalue of Hq, then A„ is a an eigenvalue of H and A° < A„ ('or A° > A„j. 
// A° is an antibound state of Hq, then A„ is an antibound state of H and A„ < A° (or 

A„ < Xn)- 

Remark. 1) Let g > 0. It is well known that if the coupling constant r > is increasing, 
then eigenvalues of Hq + rq are increasing too. Roughly speaking, in our case the antibound 
states in the gap move in opposite direction. 

2) We explain roughly transformations: resonances — > antibound states bound states. 
Consider the operator Ht- = Hq + rg, where r G M is the coupling constant. If r = 0, then 
Hq has only states A°,?t, ^ 1 (eigenvalues, antibound states and virtual states). Consider the 
first gap 7J 7^ 0. If r is increasing, then the state A^ moves and there are no other states 
on 7p If r is increasing again, then X\ removes on the physical gap 7^^^ and becomes an 
eigenvalue; there are no new eigenvalues but some two complex resonances (A G C+ C A2 and 

— ii') 

X G C_ C A2) reach non physical gap 7^ and transform into new antibound states. If r is 
increasing again, then some new antibound states will be virtual states, and then later they 
will be bound states. Thus if r runs through M+, then there is a following transformation: 
resonances antibound states virtual states bound states virtual states... 
Recall that p G ^^^.^(0, 1) iff /i^ = or /i^ = E+ for all n ^ 1, see [GT], jKKl] . 

Theorem 1.4. i) Let unperturbed states A° G {E~^E^} for alln G No large enough, where 
No C N some infinite subset such that each |7„| > 0,n G No. Then 

A„ = ,„ + ,„|,„|(*^|l1^, ^l>i = %, „.N„ (1.16) 

(27™)2 j^- if fX^^ = E+ 

as n ^ 00. Moreover, if a E (|, 1), then for n G No large enough the following holds true: 
if X^ = E~ , go — Qcn > or A° = i?^, go — qcn < —n"", then A„ is an eigenvalue, 
if A° = E~ , go — Qcn < —n~^ or A° = E^, go — gen > n~" , then Xn is an antibound state, 
ii) Let q E Qt satisfy | go — gen I > forn large enough and for some a G (|, 1)- Then for any 
sequences (o"n)i°, o'n G {0, 1} and (xn)^ G i"^, x„ ^ there exists a potential p G L'^{0, 1) such 
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that each gap length |7„| = x„,n ^ 1 and H has exactly On eigenvalues and 1 — On antihound 
states in each gap ^ni^^ for n large enough. 

Hi) Let p G L^{0, 1) and let unperturbed states A° G {E~,E:^} for all n G No large enough, 
where No C N zs some infinite subset such that each |7„| > 0,n G No- Then for any sequence 
(o"n)i°jO"n G {0, 1} there exists a potential q & Qt such that H has exactly an eigenvalues and 
1 — cr„, antibound states in each gap 7„ 7^ for ri G No large enough. 

Remark. Roughly speaking f ll.l6p is asymptotics for even potentials p G L^{0, 1). 

Let f2) (or j^abs{H,Q)) be the total number of bound states (or anti bound states) 

of H on the segment f2 C 7^^-* C Ai (or Q C C A2) for some n ^ (each antibound state 
being counted according to its multiplicity). 

Introduce the integrated density of states p(A), A G M (a continuous function on R) by 

pW\'yn=n, p{&n+i) = [n,n + l] cos 7rp(A) = A(VA), A G 6„+i, n ^ 0. (1.17) 

The real function p is strongly increasing on each spectral band (5„. It is well known that 
p(A) = ^ Rek{^/X + iO), A G M, where k is the quasimomentum defined in Section 2. 

Corollary 1.5. Let Hr = Hq + qr where qr = g(f),r ^ 1. Let Q = [^1,^2] C 7^,^) ^ (/} be 
some interval on the physical sheet Ai for some n ^ and let Q^^^ C 7^^-* be the same interval, 
but on the non- physical sheet A2. Then 

T J ^p{E2 — q{x)) — p{Ei — q{x))^dx + o{t) as r — >• cx). (1.18) 

Remark. 1) In the proof of f ll.l8p we use the Sobolev's results [So] about asymptotics of 
^bs{Hr,^) with needed modifications of Schmidt [Sc]. Sobolev considered the case Hr = 
Hq + tV, where V{x) = ^^-^^ as x — >• 00, for some c 7^ 0, a > 0. We can not apply this results 
to our case, since this potential V is not compactly supported. We use the modification of 
Schmidt for the perturbation of the periodic Dirac operator, where the decreasing potential 
can be compactly supported. 

A lot of papers are devoted to the resonances for the Schrodinger operator with p = 0, see 
[FY] . [H], [Klj . |K2j . [H], [Z] and references therein. Although resonances have been studied 
in many settings, but there are relatively few cases where the asymptotics of the resonance 
counting function are known, mainly one dimensional case [Ej, [Klj . |K2j . [S], and [Z]. We 
recall that Zworski [Z] obtained the first results about the distribution of resonances for 
the Schrodinger operator with compactly supported potentials on the real line. The author 
obtained the characterization (plus uniqueness and recovering) of S'-matrix for the Schrodinger 
operator with a compactly supported potential on the real line p2] and the half- line [Klj , see 
also [ZT], [BKWj about uniqueness. 

The author [K3j obtained the stability results for the Schrodinger operator on the half line: 

(i) If X = (x)^ is a sequence of poles (eigenvalues and resonances) of the S-matrix for some 
real compactly supported potential q and x — x G £^ for some e > 1, then x is the sequence 
of poles of the S-matrix for some unique real compactly supported potential q. 

(ii) The measure associated with the poles of the S-matrix is the Carleson measure, the sum 
^(1 + |x„|)~", a > 1 is estimated in terms of the L^-norm of the potential q. 
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Brown and Weikard |BWj considered the Schrodinger operator —y" + (p^ + q)y on the half- 
hne, where pa is an algebro-geometric potentials and g is a compactly supported potential. 
They proved that the zeros of the Jost function determine q uniquely. 

Christiansen [Chj considered resonances associated to the Schrodinger operator —y" + {ps + 
q)y on the real line, where ps is a step potential. She determined asymptotics of the resonance- 
counting function. Moreover, she obtained that the resonances determine q uniquely. 

Describer recent author's results |K4j about the operator ^ = + g, ^ = — ^ +p 
on the real line, where p is periodic and and q is compactly supported: 1) asymptotics of 
the resonance-counting function is determined, 2) a forbidden domain for the resonances is 
specified, 3) the asymptotics of eigenvalues and antibound states are determined, 4) for any 
sequence ((t)^,(J„ e {0,2}, there exists a compactly supported potential q such that M' has 
(T„ bound states and 2 — cr„ antibound states in each gap ^ for n large enough, 5) for 

any q (with go = 0) and for any sequences ((Tn)^,^^ G {0,2} and G x„ ^ there 

exists a potential p G -^^^(0, 1) such that each gap length |7„| = Xn,n ^ 1 and ^ has exactly 
On eigenvalues and 1 — antibound states in each gap 7n 7^ for n large enough. 

We compare the results for M' on R and if on M+: 1) their properties are close for even 
potentials p G Lg^g„(0, 1), since in this case unperturbed operators Hq have only virtual states, 
2) if p is not even, then the unperturbed operator Hq (in general) has eigenvalues, virtual states 
and antibound states, but the operator has exactly two virtual states in each open gap. 
This leads to the different properties of if, and roughly speaking the case of if is more 
complicated, since the unperturbed operator iio is more comlicated. 

The plan of the paper is as follows. In Section 2 we define the Riemann surface associated the 
momentum variable z = \/A, A G A, and describe the preliminary results about fundamental 
solutions. In Sections 3 we study states of H. In Sections 4 we prove the main Theorem 
ll.mi.4[ In the proof of theorems we use properties of the quasimomentum, a priori estimates 
from [KKj . |MUj . and results from the inverse theory for the Hill operator from [K5j . In the 
proof the analysis of the function F{z) = ip{l, z)D{z)D{z), z^ G aac{H) is important, since we 
obtain the relationship between zeros of F (which is entire) and the states. Thus we reduce 
the spectral problems of H to the problem of entire function theory. 

2. Preliminaries 

We will work with the momentum z = -\/A, where A is an energy and recall that y/T = 1. 
Introduce the cut domain (see Fig. 2) 

Z = C\Ug,^, where 5(„ = (e^, e+) = -5f_„, = a/E^ > 0, n ^ 1. (2.1) 

Note that A(e^) = (—1)". If A G 'yn,n ^ 1, then z G g±n and if A G 70 = (— oo,0), then 
z ^ = iR±. Below we will use the momentum variable z = VX and the corresponding 
Riemann surface Ai, which is more convenient for us, than the Riemann surface A. Slitting 
the n-th momentum gap gn (suppose it is nontrivial) we obtain a cut g'^ with an upper (7+ 
and lower rim g~. Below we will identify this cut g!^ and the union of of the upper rim (gap) 
g^ and the lower rim (gap) g^ , i.e., 

9n = 9t^9n^ where g^ = gn ± iO; and if z e gn ^ z ± iO e gn- (2.2) 

In order to construct the Riemann surface Ai we take the cut domain Z = C \ and 
identify (we glue) the upper rim of the slit g"^ with the upper rim g\ of the slit g^ and 
correspondingly the lower rim g~ of the slit gtn with the lower rim gZn of the slit gtn for 
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Im z 



Rez 



Figure 2. The cut domain Z = C \ U(7^ and the shts = (e„ , e„ ) in the ^-plane. 

Im k 



TT + ihi 
"1 



2tt + ih2 3^ , j;j3 
2^1 SttI Refc 



Figure 3. The domain = C \ ur„, where the sht r„ = (vrn — vm + 

all nontrivial gaps. The mapping z = ^/X from A onto A4 is one-to-one and onto. The gap 
7^^^ C Ai is mapped onto C A^i and the gap jn^ C A2 is mapped onto g~ C A42- From 
a physical point of view, the upper rim is a physical gap and the lower rim g~ is a non 
physical gap. Moreover, Ai fl C+ = Z n C+ plus all physical gaps 5^+ is a so-called physical 
"sheet" Ail and fl C_ = Z n C_ plus all non physical gaps g~ is a so-called non physical 
"sheet" Ai2. The set (the spectrum) R \ U^f^ joints the first A4i and second sheets Ai2- 

We introduce the quasimomentum k{-) for ifg by ^(2;) = arccos A(2;), z & Z. The function 
k{z) is analytic in 2; G 2 and satisfies: 

(i) k{z) = z + 0{l/z) as \z\ 00, {ii) Re ± zO)|[g-^g+] = vrn, n&'L, (2.3) 

and ±ImA;(2;) > for any z G C-t, see |MUj . |KKj . The function A;(-) is analytic on Ai and 
satisfies sinA;(2;) = (1 — A^(2;))2,2; G Moreover, the quasimomentum k{-) is a conformal 
mapping from ^ onto the quasimomentum domain = C \ UF^, see Fig. 2 and 3. Here 
Tn = {T^n — ihni irn + ihn) is a vertical slit with the height /i„ ^ 0, /iq = 0. The height hn is 
defined by the equation cosh/i„ = (— l)"A(en) ^ 1, where G [e~,e+] and A'(e„) = 0. The 
function A;(-) maps the slit g"^ on the slit F^, and k{—z) = —k{z) for all z & Z. 

In order to describe the spectral properties of the operator Hq we need the properties of 
i?, (p. Recall that i), if are the solutions of the equation —y" + py = z'^y with the conditions 
<^'(0, z) = -(9(0, z) = 1 and ip{0, z) = 'i9'(0, z) = 0. The solutions i?, (/? satisfy the equations 

/"■^ sin z(x — s] 

i}{x, z) = cos zx + / p{s)i){s, z)ds, 

Jo ^ 

sinzx sinzix — s) , , , , , , 

(^(a;,z) = +/ ^ -p{s)<p{s,z)ds. (2.4) 

z Jo z 
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For each a; G M the functions i){x, z), ip{x, z) are entire in 2; G C and satisfy 
max||z|i|^(x,z)|, \^'{x,z)\, \^{x,z)\, j^\^'{x,z)\ \ <: X = eli°^^l-+M-, 



sm zx 
^{x,z) 



X X 

^TTjWpWx, \'&ix,z) - coszx] ^ -—r\\p\\^, = max{l, (2.5) 



\z\ 



where \\p\\t = /g \p{s)\ds and {x,z) G R x C, see [PT]. These estimates yield 
/3{z) = ^ ^ ' ^ = / ^ '-p{x)dx^ — - as \z\^oo. (2.6) 

2 In Z Z^ 



Moreover, if 2; = vrn + 0(l/n), then we obtain 



^{z) = (^^i)n Psn + Oin 1) ^ p^^= f\(x)sm27mxdx. (2.7) 



2?™ 

The Floquet solutions 4''^{x, z), z E Z of the equation —y" + py = z'^y are given by 

ip^{x,z) ='d{x,z) +m±{z)ip{x,z), m± = ^ ^\ ^ , (2.8) 

where (/^(l, z)^^[-, z) G iv^(]R+) for all z G C+UUgn- If p = 0, then k = z and ip^lx, z) = e=^*^^. 

Let Vr{zo) = {\z — zq\ < r} be a disk for some r > 0, zq & A. It is well known that if 
Qn = ^ for some n G Z, then the functions sinA;(-) and m± are analytic in some disk 
Vir^^n) C Z,e > and the functions sinA;(2;) and (p{l,z) have the simple zero at see |Flj . 
Moreover, m± satisfies 

m±{^in) = ^ — 7z T , Im m±(/i„) 7^ 0. (2.9) 

Furthermore, Imm"'"(2;) > for all {z,n) G {z^_i,z~) x N and the asymptotics hold true: 

m±{z) = ±iz + 0(1) as \z\ 00, z & 

where Z^ = {z e Z : dist{z, Qn} > e, Qn e Z}, e > 0. (2.10) 

The function sin k and each function (f{l, ■)iIj^{x, ■), x G M are analytic on the Riemann surface 
M.. Recall that the Floquet solutions ■iIj±{x,z), {x,z) eM.x M. satisfy (see [T] ) 

ij±{0,z) = l, V^(0,z)' = m±(z), tp^{l,z) = e^'^^'\ ^^{1, z)' = e^'''^'^m±{z), (2.11) 

^^(x,z) =e^*^(")^-(l + C'(lA)) . (2.12) 
as |z| — s> 00 z G uniformly in x G R. Below we need the simple identities 

P^ + 1-A' = l- cp'il, .)^(1, ■) = -¥^(1, ^^'(l, ■)• (2.13) 

Introduce the fundamental solutions \E'^(x, z) of the equation 

-^^" + (p + g)^^ = ^ 0, ^^(x,z) = V'^(x,;z), x ^ t, zeZ\{0}. (2.14) 

Each function ip{l, z)'^'^{x, z),x ^ is analytic in JH, since each (p{l, z)ip'^{x, z),x ^ is 
analytic in M.. We define the modified Jost function \1/q = \l/^(0, z), which is meromorphic 
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in and has branch points e^, Qn 7^ 0- The kernel of the resolvent R = {H — z^) E C+, 
has the form 

$(a; z)'^^(x' z) 

R{x,x',z) = — T-— — ^ — , x<x', and R{x,x' , z) = R{x' ,x, z), x>x'. (2.15) 

Recall that z) is the solution of the equation — $" + {p + g)$ = z'^^,x ^ 0, $(0, z) = 
0, $'(0,z) = 1, z E C Each function R{x,x' , z),x,x' G M is meromorphic in A4. Remark 
that if zo G (7^\{/i„±zO} and "^qIzq) 7^ for some n, then the resolvent of H is analytic at zq. 
The function "^qIz) has finite number of simple zeros on each g^,n and on z]R+ (no zeros 
on C+ \ 2M+), where the squared zero is an eigenvalue. A pole of M{x, z) = "^^{x, z)/'^q{z) 
on is called a bound state. Of course, is really the energy, but since the momentum z is 
the natural parameter, we will abuse the terminology. Moreover, "^oiz) has infinite number of 
zeros in C_, see f ll.lSp . We rewrite Definition A about the resonances on the Riemann surface 
A in the equivalent form in terms of the resonances on the Riemann surface Ai. 
Definition Ai. 1) A point ^ G C_ fl Ai, ( ^ is a resonance, if the function ^(x, z) has a 
pole at ( for almost all x > 0. 

2) A point ( = e^,n ^ (or ( = 0) is a virtual state, if the function ^{x, ( + z"^) ( or ^%{x, z) ) 
has a pole at ( for almost all x > 0. 

3) A point ( E Ai is a state, if it is a bound state or a resonance or a virtual state. If 
C G (?^, n 7^ or ( E = i'R_, then we call ( an antibound state. 

Let ai,s{H) (or ars{H) or a^s{H) ) be the set of all bound states in the momentum variable 
z = a/a G Ai (or resonances or virtual states) of if and let ast{H) = aysiH)^o'rsiH)^o-i,s{H). 
The kernel of the resolvent -Ro(^) = [Hq — z'^)~^, z E C+ has the form 

Ro{x,x' , z) = ip{x, z)iIj~^{x' , z), x<x', and Ro{x,x' , z) = Ro{x' ,x, z), x > x' . (2.16) 

Consider the states z° = a/A°^ G of Hq. Due to (12. Sp . the function \E'q = ') = 1 

^(x, ■) = '(9(x, ■) + m+y9(x, ■). Recall that ip{l, ■)m+ and sm.k{z) are analytic in Ai. Thus 
the resolvent Rq{z) has singularities only at ± iO, where gn 7^ 0, and in order to describe 
the states of Hq we need to study m+ on g^ only. Let ■2/(^0), E AA. he the set of analytic 
functions in some disk Vri^Zo) = {\z — zq\ < r} ,r > We need the following result (see |Zh3] ) 

Lemma 2.1. All states of H are given by /i„ ± iO G gni^ 7^ 0, where gn 7^ 0- Let the 

momentum gap gn = (e~, e^) 7^ for some 1. Then 

i) = /i„ + zO G g^ is a bound state of Hq iff one condition from (l)-(3) holds true 

(1) m_ E £^{iJ,n + iO), 

(2) /3(yU„) = z sin A;(/i„ + zO) = — (— 1)*^ sinh /isn, k{fin + iO) = nn + ihgn hgn > 

fo\ fo , ^ Cn + 0{z) -2smh\hsn\ ^„ 

3 m+ 2;^ + z) = as z-^0, zE C+, c„ = r < 0. 2.17 

z (-l)"9^V5(l,/i„) 

a) z^ = Hn — & gn o,n antibound state of Hq iff one condition from (l)-(3) holds true 

(1) m_ G (/i„ — -iO), 

(2) /5(/i„) = isin A;(/i„ - zO) = -(-l)"sinh/i^n, fc(/i„ - iO) = 7m + z/i^n, /i^n < 0, 

— c +0{z) 

(3) m+{zl + z) = — — asz^Q, zeC- (2.18) 
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Hi) = fin is a virtual state of Hq iff' one condition from (l)-(2) holds true 

( 1 ) /i„ e„ or jJ'n , 

(2) m+{zl + z) = asz^Q,zeC+, c° 0. (2.19) 



These simple facts are well known in the inverse spectral theory, see |N-Z] . jMO] or |K5j . 
Remark that detail analysis of Hq was done in |Zh3 ]. 

If fJ-n ^ dn 05 then the function m+ has a pole at zJJ = /i„ + iO G (a bound state) or at 
2;° = /i„ — iO G g~ (an antibound state). If /i„ = (or /i„ = e~), then z^ = /i„ is a virtual 
state. Note that if some = 0,n 7^ 0, then each ip^{x, ■) G ^(/U„),x ^ 0. Moreover, the 
resolvent Ro{z) has a pole at Zq iff the function m+(-) has a pole at Zq. 

The following asymptotics from |M0] hold true as n 00: 

1 

(Xn = Tm + EniPo - Pen + 0{en)), Pen = / Pix) COs27mxdx, En = , (2.20) 

Jo 27rn 

hsn = -£niPsn + 0{en)), (2.21) 

= 7Tn + en{po±\Pn\+0{en)), Pn= [ pix)e-'^''"''dx = Pcn-iPsn- (2.22) 

Let (p{x, z, r), (z, r) G C x M be the solutions of the equation 

- !f" +p{x + T)!f = z^if, (p{0,z,T)=0, (f'{0,z,T) = 1. (2.23) 
Let yi, 1/2 be the solutions of the equations —y" + {p + q)y = z'^y, z E C and satisfying 

y'^it, z) = yi{t, z) = 1, |/2(t, z) = y[{t, z) = 0. (2.24) 
Thus, they satisfy the integral equation 

sin zix — 7~1 

yi{x,z) = cosz{x -t) - / {p{t) + q{T))yi{T,z)dT, 

Jx z 

smzix—t) sin z(x — t). . . , , 
y2ix, z) = ^ - / ^ ^(p(r) + g(r))y2(r, z)dT. (2.25) 



For each x G M the functions ?/i(x, z),y2{x, z) are entire in 2; G C and satisfy 

max{||;.|il/2(x,^)|, |i/^(x,z)|,|yi(x,2)|,^K(x,z)|}^Xi = el^'^^ll*-^'W^*l^+^l^ 

\z\i 



\yi{x,z) -cosz{x-t)\ ^ ^rlkllt; 



sin zix — t) 
y2[x,z) 



(2.26) 



and recall that \z\i = max{l, \z\} and \\p\\t = /J \p{s)\ds. 

The equation —y" + {p — z'^)y = f,y{0) = y'{0) = has an unique solution given by 
y = ip{x — T, z, T)f{T)dT. Hence the solutions $ and \E'± of the —y" + (p + q)y = z'^y satisfy 

f^{x,z) = ip{x,z) + / ({){x - s,z,s)q{s)^{s,z)ds, (2.27) 



^^{x,z)=i)^{x,z)- I (p{x - s,z,s)q{s)'^^{s,z)ds. (2.28) 
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Below we need the well known fact for scattering theory 

^+{0,z) = Diz"^) = det{I + q{Ho-z'^)-^), z e M. (2.29) 

It is similar to the case p = 0, see pj. The case on the real with p ^ const was considered in 
[F4] . The functions \l/^,m-|-, , ... are meromorphic in }A and real on iM. Then the following 
identities hold true: 

^±(-2) =^^(^), m±(-2) = m±(z), z^Z. (2.30) 

Lemma 2.2. %) The following identities and asymptotics hold true: 

^± = ^±(t,.)yi + ^±(t,.)y2, where it = dtu, (2.31) 

^^(0,2) = !+/" ip{x,z)q{x)^^{x,z)dx, (2.32) 
Jo 

*^(x, z) = e±^'^(")^(l + e^(*-^)(l^l-'')0(l/;z)), v = lmz, (2.33) 

as — > oo, z G Z^,e > uniformly in x E [0,t]. Moreover, U.6]) hold true, 
a) The function ^'^(O, ■) has exponential type 2t in the half plane C^:. 

Proof, i) Using ([221, d^HD we obtain (I23TD . 

The identity ip{x, ■, r) = 'i?(r, 2;)(y9(x + r, 2;) — ip{T, z)'d{x + r, z) gives ^{—x, ■, x) = —^{x, z) 
and dOH) yield (IZ^ . 

Substituting (IZT^ into (I2I2HD we obtain ([USSD. In particular, substitution of ([133]), (1^:^ 
into (12:321) yields ([Ll!), since L'(;z2) ^ ^+(0,2). 

ii) We give the proof for the case \E'^(0, z), the proof for \E'^(0, z) is similar. Due to fl2.33p . 
\E'"^(0,2;) has exponential type ^ 2t in the half plane C_. The decompositions f{x,z) = 
Q-^^K^)\^+(^x, z) = I + efi{x, z) and ^9(2;, z)e'^^'^^'> = e{e^'^^^ — 1 + £?7(x, z)), ^ = ^ give 

^+(0,z)-l= /" <f{x,z)e'''''q{x)f{x,z)dx 
Jo 

= £ e''^'^''q{x)f{x,z){l + ee~'''^'^''rj{x,z))dx - e / q{x)f{x,z)dx = eK{z)-e / q{x)dx, 
Jo Jo Jo 

K = e [ e'^'='q{x){l+G{x,z))dx, G = efi + ee-'^'''{7]f - fi), z e Z^. (2.34) 

Asymptotics ([23]), flZ^ and A;(z) = z + 0{l/z) as z ^ 00 (see [KK]) yield 

r7(x,z) =e2^l^'^^l0(l), /i(x,z) = e=^(*-^)l^'^^l0(l) as |z| ^ cx), z G Z,. (2.35) 

We need the following variant of the Paley Wiener Theorem from : 
let h E Qt and let each F{x,z),x G [0,t] be analytic for z G C_ and F G L'^{{0,t)dx,'Rdz). 
Then e^*^^'/i(x)(l + F{x,z))dx has exponential type at least 2t in C_. 

We can not apply this result to the function K{z), z G C_, since ^/'"'"(x, z) has a singularity 
at z° if Qn 7^ 0- But we can use this result for the function K{z — i),z G C_, since f l2.34p . 
fl2.35p imply sup3,g[o,i] \G{x, — i + r)| = 0(l/r) as r ^ ±00. Then the function \E'''"(0, z) has 
exponential type 2t in the half plane C_. ■ 
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3. Spectral properties of H 

Recall that an entire function f[z) is said to be of exponential type if there is a constant 
A such that \f{z)\ ^ const, e"^'^' everywhere (see [Koo]). The infimum over the set of A 
for which such an inequality holds is called the type of /. The function f is said to belong 
to the Cartwright class Cart^ if f{z) is entire, of exponential type, uj±{f) = u > 0, where 
uj^if) = hmsup,^^ iHS^ and ^ 1^^^ < oo. 

Let for shortness 

ip, = ip{l,z), ^[ = ^'{l,z), A=^{l,z),....,<^, = <!>{l,z), $; = $'(!, 2:). 
Define the functions 

F{z) = <^(1, ^)^-(0, ^)^+(0, z), zeZ, (3.1) 
which is real on M, since \E'~(0, z) = \E''''(0,^) for all z & Z, see also (13.21) . 
Lemma 3.1. i) The following identities and estimates hold true: 

F = (^(1, ■,t)yf{0, ■) + 0(1, -, t)yi(0, ■)y2(0, ■) - ^'(1, -, t)yl{0, ■) G Cart,^2u (3.2) 
y^i^+^r = -^'{l,;t), ¥^i(V'M" = V>ih;t) = v'{l,;t)-^{l,;t), (3.3) 

\F(z) - ^1 ^ ^i^^- , Cf = 3(|b||i +\\p + g||,)e^l'^-^^"*+"^"^ (3.4) 

z \z\^ 

a) The set of zeros of F is symmetric with respect to the real line and the imaginary line. In 
each disk {z : — 7rr7,| < ^ 1 + ACpe'^^ there exists exactly one simple real zero Zn of 

F and F has not zeros in the domain Qip fl C_, where S>f = {-2 G C : ACpe"^^^^^^ < \z\}. 
Hi) For all z & Z the following identity holds true: 

(2) = e=^'''^'^)"'w±(2;), w±{z) = ^'{nt,z) - m±{z)^{nt,z), Ut = inf n. (3.5) 

Proof, i) The function (y9(l, z,t) for all (t, z) G i? x C satisfies the following identity 

^(1, ■,t) = -'d\ipl + if^^l + 2[3ipt'dt = ifiipt^t. (3.6) 
see Recall that ip{l, z,t),'d{l, z^t) are define in fl2.23p . Using 03.61) we obtain 

0(1, ■,t) = ¥?i(^M" + ^ti't)^ 

0(1, -, t) = ^St^i + i^ti^i + 2^t+^r) = 2<^i(p(i) - z^)i^ti^i + '^^li^ti^i- (3-7) 

Identity fl2.3ip gives 

F = ^^{iJt^p^y^io, ■) + V't+^r 1/2(0, ■) + ii^ti^r + i^ti^r)yiio, ■)2/2(o, ■)• (3.8) 

Then using the following identities from [iMj 

0(1, Z, t) = if' {I, z, t) - ^9(1, z, t), 0(1, z, t) = 2{p{t) - z2)y,(l, z, t) - 2^9'(1, z, t), (3.9) 

and (EJD, (ESD we obtain (I32D,(!33D, since Lemma [221 ii) and ([23]) yields F G Carti+2t- 
We will show f[3^ . We have 

nf 

I sm zs 

yi{0,-) = costz + yi, yi = {p{s) + q{s))yi{s, ■)ds, (3.10) 



z 



sin tz _ _ f'^ sin zs 
1/2(0,-) = +Z/2, 1/2=/ (p(s) + g(s))y2(s, Oas, (3.11) 
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i^{l,t) =cosz + ^it, §u= I ^-^^^ — ^lp(^s + T)§{s,T)ds, (3.12) 

io ^ 

d'{l,t) = -zsmz + §'u, ^'u= [ cos z{l - s)p{s + t)^{s,t)ds, (3.13) 

Jo 

/-, X sin^ /"^ sin 2;(1 — s) , ^ , ^, ,^ ^ 

(^(l,t) = + ^u, ^it= ^ his + t)ip{s,t)ds, (3.14) 



Then (13. 2p imply 

F = {costz + yif{^^ + ipit) + {^^^^-y2f{zsmz-i?\t) + {costz + yi){^ 

= 5i^^ + /, + /, + /3. 

Z 

where 

sm 

/i = yi(0, ■) Vit H (cost^; + yi{0, ■))yi, 

'Z/ 

sm "tjX 

f2 = -1/2(0, OXt + z Sin ^(7/2(0, ■) )y2, h = 1/1(0, ■)l/2(0, ^^(l, ^, 

z 

l/aKj^ibili, l/.l^^(IHIi + 2|b + g||*), J = 1,2, 

which yields (l33j), where = \q{x)\dx and = e(2*+i)|im^|+2|b+g||t+||p|U^ 
ii) Using (13.41) we obtain for \n\ ^ 1 + ACpe^^ 

since e'^™^' ^ 4| sin2;| for all \z — 7m| ^ 7r/4,n G Z, (see [PT]). Hence, by Rouche's theorem, 
F has as many roots, counted with multiplicities, as sinz in each disk T>:E{7m). Since sin^ 
has only the roots 7m,n ^ 1, and i) of the lemma follows. This zero in D|(7m) is real since 
F is real on the real line. 
Using (13.41) and e'^™^' ^ 4| sin2;| for all \z — nn\ ^ 7r/4, n G Z, we obtain 



, , , , sm^; , 
\F{z)\^\^\ 



F{z) - -- 



\lmz\ / \ 



for all z e = {z e ■ \z-nn\ ^ 7r/4, n G Z}. This yields |F| > in ^1. But the function 
F has exactly one real zero z„ in Vj^{'n'n),n ^ tt-q. Then F has not zeros in the domain !^f. 
The function F is real on the real line and the imaginary line. Hence the set of zeros of F is 
symmetric with respect to the real line and the imaginary line. 

iii) Using ^=^(0,2;) = {-^^{x, z),^{x, z)}, z e Z aX X = rit, and (12. lip we obtain (13. 5p . 
where {y, u} = yu' — y'u is the Wronskian. ■ 

Let {}, If be the solutions of the equations —y" + {p + q)y = z'^y, z & C and satisfying 

{}{x, z) = {}{x, z), ip{x, z) = ip{x, z), all X ^ t. 
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Hence the solutions ^, (p satisfy the equations 

■&{x, z) = '&{x, z) — / (p{x — s, z, s)q{s)i9{s, z)ds, 

J X 

ip{x, z) = (p{x, z) — / (p{x — s, z, s)q{s)ip{s, z)ds. (3.15) 



For each x ^ the functions i^lx, z),(p{x, z) are entire and real for z"^ G M. The identities 
dSISD and (1211 give 

'^^{x,z) =d{x,z) +m±{z)ip{x,z), all (x, z) G M+ x Z. (3.16) 

Recall that (7^ = U and we define the sets 

= U C_ U U„ez(7:, % = ^ \ {0,6^ fin ± ^0, gn ^ e Z}. (3.17) 

Lemma 3.2. i) If gn = (e~,e^) = for some n ^ 0, then each \E'^(x, •) G ^{fin),x ^ and 
Im \E'^(0, /i„) 7^ 0. Moreover, simple zero of F and fin ^ (^stiH). 

ii) ^^(0,2;) 7^ /or a// 2; G (e^_;^,e~),n G Z. Moreover, states of H and zeros 0/ \E''^(0, z) 
6e/ong to t/ie set ^ = {«} U C_ U [J C 

mj ^ point z E ^0 is a zero of iff z E ^ fl ast{H)- In particular, 

1) z E C+ n Z is a bound state of H , 

2) z E C_ n Z is a resonance of H. 

Proof, i) Lemma fI7[\ and identity (13.161) yield that each ^^{x, ■) G £/(/i„),a; ^ 0. 

Using (IZ9l) we deduce that 7^ 0; then the functions "^^{x, ■), I/'^q G ^(yU„). Thus 

/i„ is not a state of H and /i„ is a simple zero of F. 

ii) The conformal mapping k{-) maps each interval (e^_]^, e^), n ^ 1 onto {71(72 — l),nn). 
Recall that /i„ G [e~,e^]. Then the function m± is analytic on {e^_i,e~) and Imm-|-(2;) 7^ 
for all z G (e^_i, e~). Then the identity (13.161) gives ^"^(0, z) 7^ for all z G (e^_]^, e,^). 

Then the identity ^''''(0, z) = D{z'^) and standard arguments (similar to the case p = 0, see 
[KT] ) imply that states of and zeros of ^+(0, z) belong to the set ^ = U|J C Z. 

iii) The statement iii) follows from the identities fl3.16p . (12.151) . ■ 

We consider the properties of the states of H which coincide with unperturbed states 2;°. 

Lemma 3.3. Let C = fin + iO E g^ or ( = fin — iO E g^ for some n ^ 1, where gn 7^ ^- Then 

i) (p{0,fin) = iff ^{nt, fin) = 0, where Ut = mineN,n^tn. 

ii) Let in addition ( = z^ E (7st{IIo). Then \E'q G ^(C) o,nd each \E'"*"(x, ■),a; > has a simple 
pole at ( and there are two cases: 

1) ifif{0,fin) = 0, then \E'J" G ^(C), ^0 (0 7^ and ( E ast{II). In particular, 

if C = /in + ^0G^7+ ^ ^0^(0 7^0, F(^„) = 0, (-l)"F'(/i„) > 0; (3.18) 

2) if If {0, fin) 7^ 0, then 

^^G^(C),x^O, , %iC)^0, vI;+(,) = ^!i±^^(0), 

C^astiH), F(/i„)^0. (3.19) 

iii) C e (T;,s(-f/') (or ( E (t^s{H) ) iff C ^ (^bsiHo) (or zi E a^siHo) and ^{nt,fin) = 0. 

iv) Let ( E (Jst{IIo) n ast{H), then the same number but on another sheet is not a state of H. 



16 



EVGENY KOROTYAEV 



v) Let C G ast{Ho) and let the same number Ci = C but on another sheet is a state of H. Then 

Proof, i) Comparing (13.51) and fl3.16p we deduce that ^(0,/i„) = iff $(0,/in) = 0. 

ii) Lemma [2TT] yields m_ e and each '^~^{x,-),x > has a simple pole at ( and 

m+(2;) = ^ + 0(1) as e ^ 0, e e C± and c„ < 0. 

1) If ip{o'i2n) = 0, then (ITTB|) yields G i/(C), (C) 0. Thus C G c^st(i^), since each 
^'+(x, ■)) 2; > has a simple pole at C- 

Consider the case C = /^n + ^0 G (7^. Recall that (13.51) gives 

^=^(0, z) = e=^*^('^)"'w±(2:), w±(z) = ^'(ut, z) - m±(z)$(rat, z), ra^ = inf n, z G 
which yields 

w^{Q = $'(ni,/.„) ^ 0, ^+(^1) = <f'(n„/i„)(l - c„^^^^^) ^ 0, 

since $'(nt,/x„) 7^ 0,$(nf,/x„) = and ^\nt, ^^n)^^^{nt, ^^n) > (see [FT]). This yields (EIIHD, 
since (-l)'^a^(^(l, /x^ > (see [FT]). 

2) Lemma [2.11 yields m+{z) = '^"+^(^) ^ = ^ — ^ 0. Using (13.161) . we obtain 

e <W ^^(0)-c„^(0) + O(5) ^(0) 

since c„'^(0, /i„) 7^ 0, where ^p{x) = ip{x, z), ... This yields ^^(l, z)\E'q (z) = dz(p{l, iin)Cn + o(l) 
and m_ G ^/(C) gives ^^(C) = ^9(0) ^ 0, which yields F(/i„) and ([319]). 
Using i) and ii) we obtain iii). 

iv) G ^(Ci) and each ^^{x, ■) G ^2/(^1), a; > 0. Due to ii) ^(0,/im) = 0, then we obtain 
^+(Ci) ^ 0. Thus Ci i (yst{H). 

v) Assume that Q G ast{H). Then iv) gives contradiction. Thus Q ^ ast{H). ■ 
Consider virtual states, which coincide with the points e^. 

Lemma 3.4. Let ( = e~ or ( = for some n ^ I, where e~ < and let e = z — (. 

i) Let C 7^ fin and let (C) = 0. Then ( is a simple zero of F, ( E a^s^H) and 

^t{z)=v{^X)cV~e + 0{e), M{x,z) = '^^^^f^^}'\ c^(0,C)^0. (3.20) 

ii) Let ( = fin and (p{0, Q 7^ 0. Then F{Q ^ and each 3?{x, ■),a; > has not singularity at 
C, and C ^ o-ys{H). 

iii) Let C = /^n and ^(0, C) = 0. Then ( G a^siH), ^0 (C) 7^ and ( is a simple zero of F and 
each ^'^{x, ■),x > has a pole at C. 

Proof, i) Lemma [211] gives m±{z) = m±{() + c-Je + 0{e) as e = 2; — C — 0, c 7^ 0. We have 
two cases: 1) Firstly, let 1^(0,^) 7^ 0. Then identity (I3.16P implies (13.201) . 

2) Secondly, if ^(0,C) = 0, then (13.161) implies \I/(]'(C) = ''^(0,C) 7^ 0, which gives contradic- 
tions. 

ii) If C = /^n, then Lemma [^TT] gives raj^{z) = ±^ + 0(1), e — 0,c 7^ 0. Then (I3.16P implies 
.v±f ^-^^^Mh^nm _ ^) + + ^) _ 1 + OiV~e) 
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Thus the function M{x, ■),x > has not singularity at ( and ( ^ a^slH), F{() ^ 0. 

iii) If ^(0,C) = 0, then fIXTUD gives ^^(C) = ^{0,C) 0, since d{0,C) ^ and p{C) = 0. 
Moreover, we obtain ^^+(0;, z) = i!}{x, z) + + 0(l))^(x, z), and the function ^^(x, ■), a; > 
has a pole at C ^ o'vsiH) and F{() = 0. ■ 

Lemma 3.5. Let X G 7n,A 7^ &e an eigenvalue of H for some n ^ and let z = ^/X G 
iR+ U Un^igt ■ Then 

CA = y^ |vl/+(x,^)|2tix = i-^5,vl/+(0,z)>0, (3.21) 

^^^J^^^ = ^~(0,;2i)^+'(0,z)7^0, ^sinfc(z) = -(-l)"sinh/i, /i > 0, (3.22) 

(p[l,z) 

Proof. Using the identity j^^^^, ^+}' = 22(^+)2 we obtain iKT^i . 

Using the Wronskian for the functions \E'+,\E'~ and (12.111) we obtain ^~{0, z)^^'{0, z) = 
m+{z) — m_(z), which yields (I3.22p . since k{z) = nn + ih for some h > 0, see the definition 
of A;(-) before fim|) . Then identities fICTD . (13^ imply (IX^ . ■ 

4. Proof of main Theorems 

Proof of Theorem 11.11 i) Asymptotics (11.61) were proved in Lemma [2.21 

ii) and iii) of Lemma [X^ give (II. 8p for the case of non- virtual states, i.e., 7^ e^. 

Lemma 13.41 implies (II. 8p for the case of virtual states. 

Lemma 13.21 gives (ll.7p for the case of non- virtual states. Lemma 13.41 implies (ll.7p for the 
case of virtual states. 

ii) Using ii) and iii) of Lemma [3.31 we obtain (II. 9p . 

iii) Due to i) C is a zero of F, then (13.40 yields (ll.lOp . Lemma [3.11 (ii) completes the proof 
of iii). ■ 

Proof of Theorem 11.21 i) Let (?„ 7^ 0. The entire function F = Lp(l, has different 

sign on and since \I/q (z)\1'q (2;) = |\EfQ (z)p > for 2; inside (T„ U (T„+i (see (12.310 ) and 
ip{l, ■) has one simple zero in each interval [e~,e,^]. Then F has an odd number of zeros on 

By Lemma 13. 2113. 41 ( E g!^ is a. state of if iff C G ^„ is a zero of F (according to the 
multiplicity). Then the number of states on g!^ is odd. 

Using Lemma 13.11 and 13.21 we deduce that there exists an exactly one simple state z„ in 
each interval [e~ , e^] for (?„ 7^ and for n ^ 1 large enough. Moreover, asymptotics = 
™ see (M) give 

Zn = TTn^ . (4.1) 

27m 

Using arguments proving (12.320 we obtain the identities 

'§{0, z) = 1 + / (p{x, z)q{x)-t}{x, z)dx, ip{0,z)= / (p{x, z)q{x)ip{x, z)dx, (4.2) 
Jo Jo 
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The standard iteration procedure and fl4.1l) give the asymptotics 

^9(0,^„) = l + O(l/n), , (4.3) 

^(0, = r '^^q{x)dx + 0(l/n^) = (4.4) 

Jo Z[TXn) 

where qcn = Jq Qi^) cos2Tmxdx. Using fl2.13p and = 'd + m^Lp, see (13.161) . we obtain 

F = F, + F2 + Fs, Fi = <f{l,-)^l F2 = 200^0, Fs = -^'{1, (4.5) 
where for shortness {^q = ^{0,z), ipo = ^(0,z). Using estimates (14.31) . (14.41) . we obtain 
Fi(2„) = ^(l, ;„)(! + 0(n-')), F,{z„) = Oin'") 

f,(,„, . (_i,»fei±^(*z|i±^)) . ;„ + O(n-) a. n ^ CO, (4.6) 



nn 2(7rn)2 

£ii) r, 

2(7rn)3 



where /„ = (_i)"P£2^p_|£iii. Combine these asymptotics and the identity F{zn) = we get 



(^(1, 2„) = -F2(z„) + 0{n-^) = -/„, + 0(r2-^). (4.7) 
Then, using ip{l, Zn) = dzf{l, fin)Sn + 0{n~^), where Zn = fin + ^n, we obtain 

d^Lp{l, fXn)Sn = -fn + 0{n~'^) 

and the asymptotics dz(p{l,fin) = f^^^) " S^^^ 

which yields (I1.13p . 

Denote by //^{r, f) the number of zeros of / with real part ^ having modulus ^ r, and 
by J\f~{r, f) the number of its zeros with real part < having modulus ^ r, each zero being 
counted according to its multiplicity. We recall the well known result (see [Koo]). 
Theorem (Levinson). Let the entire function f G Then Af^{r,f) = ^(p + o(l)) as 

r —>■ oo, and for each 6 > the number of zeros of f with modulus ^ r lying outside both of 
the two sectors \ argz|, | arg2; — tt\ < S is o(r) for r ^ oo. 

Let A/'(r, /) be the total number of zeros of / with modulus ^ r. Denote by A/+(r, /) (or 
A/'_(r, /)) the number of zeros of / with imaginary part > (or < 0) having modulus ^ r, 
each zero being counted according to its multiplicity. 

Let So = and ±s„ > 0, n G N be all real zeros of F and let uq be the multiplicity of 
the zero Sq = 0. Define the entire function Fi = z"'° lim^^oo no<s„<r(-'- ~ f^-)- The Levinson 
Theorem and Lemma 12.21 imply 

Ar(r, F) = M{r, Fi) + M{r, F/F{) = 2r^-^^^^^^, M{r, F^) = 2r^^t^, (4.8) 

TT TT 

Af-ir, F) = M4r, F) = Af^r, ^+) - No, (4.9) 
as r 00, where Nq is the number of non-positive eigenvalues of H. Thus 

2Ar_(r,F) = 2r^^i^, (4.10) 

TT 

which yields (I1.14p . 
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ii) Using Lemma [3.51 we obtain the statements ii) and iii). ■ 

Proof of Theorem 11.31 Let z = e^. Identity (13.51) and k{e^) = nn yield 

*o(^) = ^o^W = (-l)'^«^+(^), w4z) = ^'{nt,z)-^^^nt,z), N = n,n. (4.11) 

ip{l,Z) 

Estimates ([23]) and = vrn + £:„(po ± |p„| + 0(£:„)), en = ^ (see (12.221) ) give 
:,.// X / 0(1) ^, , sinn^z 0(1) 0(1) 

Using (I2.26p . we obtain 

" ^ ' 2'nn ^ ' 2Tm 

^ smet (-l)>en , 0(1) +b„|+p,„ + 0(l) 



Then the estimate sj x'^ + y"^ — ?/ ^ x for x ^ gives ± ^ bsn|, which yield; 



s 



— im — ■ — ■ — -J- = 0(7™), (4-13) 



<^(l,e+) ±|p„| +p^„ + 0(i) 

since \psn\ > Combining (OTjl - flin^ and ([23]) > we obtain ^([(e^) = 1 + o(l). The 
function ^q{z) is analytic on g~ and \E'o (e^) = 1 + o(l). Thus "^q^z) has not zeros on g~, 
since by Theorem ll.2[ the function F has exactly 1 zero on each 7^ at large n > 1. 
Let /i„ + iO G be a bound state of Hq for some n large enough. Then Lemma 12.11 implies 

hsn > 0. Moreover, (12.211) gives hsn = ~ ^^"2wn "^ as 00. Thus psn < — at large n > 1 
and asymptotics (I1.13P gives that the bound state Zn > /i„ if go > and z„ < /i„ if go < 0. 
The proof of other cases is similar. ■ 
Proof of Theorem 11.41 i) Using the identities (I2.32p and (13.160 we obtain 

= Y, + '-^^{zn), Y^=d{z.^) + ^if{zn). (4.14) 
Note that fl27[3D gives /3(/x„) = 0. Then asymptotics (frT3|) . fl23|) . (I23|) imply 

/3(^n) /3X/in)+0(4) 1 

^ = 7r~T^ N I ^/ = o 1 as ri 00, e„ = - — 4.15 

where we used asymptotics (9^^9(1, //„) = ''~"^''(^'^''^""' and P'{fJ,n) = Thus (14.31) . (14.41) give 

Yi = l + 0(e„), ^(0, Zn) = 2el{bn + 0(£„)), 6n = go - gin (4.16) 
Below we need the identities and the asymptotics as n ^ 00 from [KKj : 

(-l)"+^zsinA;(z) = sinht;(2) = ±|A2(z) - l|i > all z e g^, (4.17) 

t;(2;) = ±|(z-e;)(e+-2;)|^(l + 0(n-2)), sinh t;(2;) = i;(2;)(l + 0(|(7„r), z egt (4.18) 
We rewrite the equation = in the form (fiYi = ~ismkif{zn) Then we obtain 



2fe„(l + 0(£„)) = viz)2elibn + 0(£„)) = ^/Si\gn\-S)2el{bn + 0(£„)), 
= e^nA/lfi-nl - S{bn + 0(e„)), (5 = - 
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where \/6 > if 6„ > and < if 6„ < 0. Then last asymptotics imply 6 = el^lgnlibn + 
0{en)Y, where 6„ = go - qcn,£n = 2t^, which yields (|1.16|). 

ii) Let q G Qt, qo = and let each \qcn\ > n~'^ for some a G (0, 1) and for n large enough. 
The proof of other cases is similar. Then using the inverse spectral theory from [K5j , see page 
3, for any sequence x = (xn)i° ^ ^ there exists a potential p G L'^{0, 1) such that 
each gap length |7„| = x„, n ^ 1 for n large enough. Moreover, for n large enough we can the 
gap in the form 7„ = {E~ , E^), where /i^ = E~ or /i^ = In order to choose fj!^ = E~ or 
/i^ = i?^ we do the following. For any sequence a = ((Tn)i°5 where (j„ G {0, 1}, using Theorem 
11.31 (i) we obtain: 

If an = I and qcn < —n~" (or gen > 't-""), then taking /i^ = i?,^ (or /x^ = we deduce 
that An is an eigenvalue for n large enough. 

If cr„ = and gc„ > (or gc„ < — ?t,~"), then taking /x^ = i?,^ (or /x^ = we deduce 
that A„ is an antibound state for n large enough. 

iii) Let p G L'^{0, 1) such that 7„ = {E~,E:^), where /x^ = or /i^ = for n e Nq large 

enough. Let cr = (o"n)f^ be any sequence, where ct„ G {0, 1}. We take \qcn\ > n~°' for n G No 
large enough. We need to choose the sign of qcn- Using Theorem 11.31 (i) we take the sign of 



If cr„ = and A° = E:^ (or A° = -E^), then taking gc„ > n~°' (or g^^ < — we deduce 
that Xn is an antibound state. 

If cr„ = 1 and A° = E~ (or A° = El^), then taking gc„ < — n^" (or gc^ > n~") we deduce 
that Xn is an eigenvalue. ■ 

Proof of Corollary 11.51 Let ^i,s{H, Q) (or ^abs{H, Q)) be the total number of bound states 
(or anti bound states) of H on the segment Q C 7^^'' (or Q C 7^^"*) for some n ^ 0. Here each 
state being counted according to its multiplicity. 

Recall that Hr = Ho + qr, where g,- = g(-) and r — * oo. Let n = [E,,E2] C 7^,1) for some 
n ^ 0. Then using the result of Sobolev [So] with a modification of Schmidt [Sc] we obtain 



i^UHr,^)=r {p{E2-q{x))-p{E2-q{x))]dx + o{T) as r ^ oo. (4.19) 



Theorem O (iii) implies 4^abs{Hr,^^^'^) ^ 1 + #bs{Hr,^), which together with fICTD yield 

dnHi). ■ 
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